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Abstract
We give first a simple proof of a generalized Jacobi identity for n-dimensional odd diagonal
lattices which specializes to the classical Jacobi identity for the lattice Z2. For Z + √Z, it recovers
a one-parameter family of Jacobi identities discovered recently by Chan, Chua and Sole´, used to
deduce two quadratically converging algorithms for computing π corresponding to elliptic functions
for the cubic and septic bases. Next, motivated by strongly modular lattices for the ten special levels ,
where σ1() | 24, we derive quadratic iterations in these ten special levels generalizing the cubic and
septic cases. This also gives a uniform proof of the equations used by N.D. Elkies for 13 of his
explicit modular towers. They correspond exactly to the case where all eta terms occur to the same
power in his list. This provides a link between strongly modular lattices and modular towers.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction
The classical Jacobi identity
θ43 = θ42 + θ44 , (1.1)
has been generalized in many different ways, including as a cubic analogue in [2], a septic
base analogue in [4], and a one-parameter family of two-dimensional analogues [3]. Many
different proofs are known, e.g. [13]. We give here a lattice interpretation of the Jacobi
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identity which generalizes to odd diagonal lattices so that there is roughly an (n − 1)-
parameter family in dimension n and the classical identity (1.1) corresponds to the lattice
Z + Z, while that of [3] corresponds to Z + √Z.
In [3] the Jacobi identities were used to derive quadratic iterations that generalize
the AGM iteration in the classical case [13]. These were used in turn to derive two
quadratically convergent algorithms for computing π .
Motivated by strongly modular lattices in ten special levels, we deduce similar quadratic
iterations (see Corollary 3.6) which generalize the cubic and septic cases found in [3].
The key observation here is that the relevant cusp form spaces are of dimension 1 (see
Lemma 3.2) and hence these cusp forms are the eigenforms of all the Hecke operators
with eigenvalues which have lattice interpretations. Applying the Hecke operator at the
prime 2 gives us the quadratic relations (see Theorem 3.5).
Finally, we interpret the quadratic relations as explicit recursion equations of the
modular functions which arise at these ten special levels. Remarkably these already occur
in the description of a class of explicit modular towers discovered by Elkies [7, 8]. We
give a uniform proof of the equations used by Elkies for 13 of his explicit towers which
are exactly those where the eta terms occur to the same powers. This gives an organic link
between modular lattices and modular towers.
2. Jacobi identities
2.1. An n-dimensional Jacobi identity
Let D = {d1, d2, . . . , dn} be a set of odd positive integers and consider the odd diagonal
lattice ΛD = ∑ j √d j Z; let θD(q) = ∏nj=1 θ3(qd j ) be its theta series. If we split θD into
even and odd parts as θD(q) = AD(q) + CD(q) and let BD(q) = θD(−q2), then we have
the following:
Proposition 2.1 (Generalised Jacobi Identity).
AD(q)2 = BD(q)2 + CD(q)2. (2.1)
Proof. We note that θD(−q) = AD(q)−CD(q), so AD(q)2−CD(q)2 = θD(q)θD(−q) =∏
j θ3(qd j )θ4(qd j ) =
∏
j θ3(−q2d j )2 = BD(q)2 by the basic identity θ3(q)θ4(q) =
θ3(−q2)2. 
2.2. The explicit form and the lattice Dn
We shall now give an explicit version of our Jacobi identity. Recall that the root lattice
Dn =
{
x ∈ Zn :
∑
xi ≡ 0 mod 2
}
is the even sublattice of Zn . We choose one basis, say {−e1 − e2, e1 − e2, e2 − e3, . . . ,
en−1 − en}, for Dn , where {e j } is the standard basis for Zn . Let Mn be the generator matrix
for this basis with the basis vectors as columns, so that the Gram matrix of Dn is given
by MTn Mn . Then the Gram matrix of the even sublattice of ΛD will be MTn DMn since∑
d j x2j ≡
∑
x j mod 2.
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Lemma 2.2. Let Q(x) = xTMTn DMn x, which is the quadratic form for the even sublattice
of ΛD. We have
AD(q) =
∑
x∈Zn
q Q(x), (2.2)
BD(q) =
∑
x∈Zn
(−1)x1q Q(x)/2, (2.3)
CD(q) =
∑
x∈Zn
q Q(x1+1/2,x2+1/2,x3,...,xn). (2.4)
Proof. Eq. (2.2) follows from our remark preceding the lemma. For the second, we make
the change of variables y = Mn x in the summation. Note that y ranges over Dn as x
ranges over Zn , and note that
∑
y j = −2x1 for our choice of basis so the sum transforms
to
∑
y∈Dn(−1)
∑
y j /2q yT Dy/2 and we note that any y in the last sum with some component
yk odd cancels that with yk replaced by −yk . So the RHS of (2.3) is the same as∑
y∈Dn
y j even
(−1)
∑
y j /2q y
T Dy/2 =
∑
x
(−1)
∑
x j q2x
T Dx = BD(q),
where we set y = 2x in the last equality. For (2.4), we observe that
Mn(x1 + 1/2, x2 + 1/2, x3, . . . , xn)T = (x2 − x1, x3 − x2 − x1 − 1,
x4 − x3, . . . , xn − xn−1,−xn)T = y,
where y is a general vector in Zn with
∑
y j = −2x1 − 1 odd. So the RHS of (2.4) is∑
∑
x j odd
qx
T Dx = CD(q). 
We note that the exact form of (2.2)–(2.4) depends on our choice of basis for Dn .
A change of basis transforms the forms accordingly, so (2.1) remains true.
2.3. Examples
1. Let D = {1}, then ΛD = Z, BD(q) = θ3(−q2) = θ4(q2); the one-dimensional
Jacobi identity is
θ3(q4)2 = θ4(q2)2 + θ2(q4)2.
2. Let D = {1, 1}, ΛD = Z + Z, BD(q) = θ4(q2)2; this gives the classical Jacobi
identity
θ3(q2)4 = θ4(q2)4 + θ2(q2)4.
3. Let D = {1, }, ΛD = Z +
√
Z; then the Gram matrix of ΛD is Q(x) =(
+1 −1
−1 +1
)
, but the SL2(Z) transformation S =
(
1 1
−1 0
)
transforms it to(
4 2
2 4d
)
, where  = 4d−1. We obtain the one-parameter family of two-dimensional
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Jacobi identities(∑
m,n
q4(m
2+mn+dn2)
)2
=
(∑
m,n
(−1)m−nq2(m2+mn+dn2)
)2
+
(∑
m,n
q4((m+1/2)2+(m+1/2)n+dn2)
)2
which was discovered in [3, 4] for the case  ≡ 3 mod 4. We also have new identities
for  ≡ 1 mod 4, which correspond to half-integral d . Note that A[1,](q) = Ad(q2)
in the notation in [3].
2.4. The analytic form
Let am = am(D) = #{x ∈ Zn | m = d1x21 + d2x22 + · · · + dnx2n} be the number of
representations of m as a sum of odd multiples of squares. Our generalized Jacobi identity
is equivalent to the following: for m = 1, 2, 3, . . .,
m∑
k=0
akam−k = a2m + (−1)m2(a2ma0 − a2m−1a1 + · · · + (−1)m−1am+1am−1), (2.5)
independently of D. We have of course a0 = 1, and
1. m = 1, 2a2 = a21 − 2a1;
2. m = 2, 2a4 = (2a1a3 − a22) + (a21 + 2a2);
3. m = 3, 2a6 = (a23 + 2a1a5 − 2a2a4) − 2(a1a2 + a3).
It is obvious that the odd terms determine the even terms. For n = 3, it is well known that
this gives class number relations [9].
3. Modular lattices, quadratic iterations and modular towers
3.1. Strongly modular lattices at ten special levels
Throughout, we will only consider Euclidean lattices which are even and we will assume
from now on that q = e2π iz , and σk(n) = ∑d |n dk will be the kth power divisor function.
An n-dimensional lattice Λ is said to have level  if both Λ and
√
Λ∗, its rescaled dual,
are even integral. It is well known then that its theta series
θΛ(z) :=
∑
x∈Λ
q〈x,x〉/2
is a modular form of weight n/2 with a well-defined quadratic character for Γ0().
Quebbemann [10] noted that under the geometric condition (modularity) that Λ ∼= √Λ∗,
the Jacobi inversion formula implies the analytic condition
θΛ(z)|n/2
(
0 −1
 0
)
=
(√−1)n/2 θΛ(z),
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so θΛ is modular on the Fricke group, and it also tells us how to extend the character. For 
composite, one defines Λ to be strongly modular [11], if all the intermediate sublattices M ,
with Λ ⊂ M ⊂ Λ∗ and gcd([Λ∗, M], [M,Λ]) = 1, are similar. Analytically this implies
that θΛ(z) is an eigenform of all the Atkin–Lehner involutions.
Now it has been observed that there are ten special levels, namely  =
1, 2, 3, 5, 6, 7, 11, 14, 15, 23, which are the values when σ1() | 24 where everything can
be worked out explicitly. For each such , let 2k0 be the minimal dimension such that
a strongly modular lattice Λ0 (the level  analogue of E8) exists (see [10, 11]) and
let ∆(z) = ∏d | η(dz)24/σ1() be the cusp form of level  of weight D/2 where
D = 24σ0()/σ1(). We note that D is exactly the minimal dimension for which there
exists an extremal strongly -modular lattice Λ (the level  analogue of the Leech lattice)
with minimal norm 4 (see [12]). It is a remarkable fact that these are all fixed sublattices of
the Leech lattice under an element of order  of the Mathieu group M23 and the ten special
levels are exactly the square-free orders of the elements of M23. We have
Theorem 3.1 (Quebbemann). Strongly -modular lattices can only exist in dimension 2k
where k0 | k and their theta series lies inside the graded polynomial algebra in two
generators⊕
t≥1
Mtk0 (Γ0()
+, χtk0) = C[θΛ0 ,∆], (3.1)
where Γ0()+ is the group generated by Γ0() and all its Atkin–Lehner involutions.
As an application, we note that it follows that
θΛ (z) = θΛ0 (z)
D/2k0 − #(Λ0)2(D/2k0)∆(z),
where #(Λ0)2 is the number of roots of Λ
0
 . Now we observe that:
Lemma 3.2. For each of the levels  with σ1() | 24, we have
∆(z) ∈
{
SD/2(Γ0(), χ−)  = 7, 23,
SD/2(Γ0())  
= 7, 23, (3.2)
and each of the cusp forms in the space has dimension one.
Proof. By checking [5]. 
We note that for  = 7, 23 above, the weight D/2 is odd so the space of cusp forms
without the character is trivial. It follows from Lemma 3.2 and Hecke’s theory [1] that
each of the ∆ is an eigenform of all the Hecke operators and they have multiplicative
coefficients satisfying the Ramanujan conjecture.
3.2. Quadratic relations for level 
Our key idea in this section is the following observation. The fact that the ∆ are
eigenforms for the Hecke operator T (2) or U(2) (if 2 divides ) gives rise to quadratic
iterative relations for the modular function ∆(z)/∆(2z) of level . First, note that when
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 is even, ∆(z) = (∆/2(z)∆/2(2z))1/3. So we set ∆(z) := ∆/2(z)1/3 when  is even
and we note that
∆(z) = ∆(z)∆(2z). (3.3)
Lemma 3.3.
∆(z + 1/2) =


− ∆(2z)3∆(z)∆(4z)  odd,
− ∆(2z)4
∆(z)∆(4z)
 even.
(3.4)
Proof. The transform z → z +1/2 corresponds to q → −q and the odd case follows from
∞∏
n=1
(1 − (−q)n) =
∞∏
n=1
(1 − q2n)(1 + q2n−1) =
∞∏
n=1
(1 − q2n)3
(1 − qn)(1 − q4n) .
For  even with /2 odd,∆(z+1/2) = (∆/2(z+1/2)∆/2(2z))1/3 and the result follows
from the odd case. 
Now let k1 = 24/σ1() and note that we have
∆(z) =
∏
d |
η(dz)k1 = q − k1q2 + O(q3) (3.5)
for each . We have the following identities.
Lemma 3.4. For σ1() | 24, and k1, D as defined before, we have, for  odd,
∆(2z)3
∆(z)∆(4z)
= ∆(z) + 2k1∆(2z) + 2D/2∆(4z), (3.6)
and for  even,
∆(2z)3
∆(z)∆(4z)
= ∆(z) + 2k1∆(4z). (3.7)
Proof. For  odd, we apply the Hecke operator T (2). Noting that the eigenvalue λ(2) =
−k1 by (3.5), we must have
−k1∆(z) = χ−(2)2D/2−1∆(2z) + 12
(
∆
( z
2
)
+∆
(
z + 1
2
))
,
where the character is trivial except when  = 7, 23 but χ−(2) =
(−
2
) = 1 in these two
cases. Replacing z by 2z and using Lemma 3.3 gives the odd case. For  even, applying the
Hecke operator U(2) gives
−k1∆(z) = 12
(
∆
( z
2
)
+∆
(
z + 1
2
))
,
and a similar argument and (3.3) gives the even case. 
We now rewrite Lemma 3.4 in the form of a simple quadratic relation (motivated by
[7, 8]) which gives our main result:
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Theorem 3.5. Let A(z) = ∆(z)/∆(2z), and B(z) = A(2z), then we have
B2 = A2 B + 2k1 AB + 2D/2 A  odd, (3.8)
B2 = A(A + 2k1)(B + 2k1)  even. (3.9)
Proof. The case  odd follows from (3.6) in Lemma 3.4. For the case  even, we apply
(3.7) with z replaced by 2z, multiply the two resulting identities together, and note that, by
(3.3), A(z) = ∆(z)/∆(4z). 
Corollary 3.6. The modular function A(z) = ∆(z)/∆(2z), satisfies the quadratic
recurrence
A(2z) = A(z)
2 + 2k1 A(z) +
√
(A(z)2 + 2k1 A(z))2 + 4.2D/2 A(z)
2
 odd,
A(2z) = A(z)
2 + 2k1 A(z) +
√
(A(z)2 + 2k1 A(z))2 + 8k1(A(z)2 + 2k1 A(z))
2
 even.
The recurrences above are complicated in that there is a quartic term in the discriminant.
For the three special levels  = 1, 3, 7, the transformation x(z) = A(z)A(z)+2k1/3 transforms
it to a simpler form with only a quadratic discriminant (4x − 3x2 in all three cases):
Corollary 3.7.
x1(2z) = 8 30x1(z)
2 − 29x1(z) +
√
4x1(z) − 3x1(z)2
1 − 210x1(z) + 225x1(z)2  = 1, (3.10)
x3(2z) = 2 6x3(z)
2 − 5x3(z) +
√
4x3(z) − 3x3(z)2
(1 − 3x3(z))2  = 3, (3.11)
x7(2z) = 2x7(z)
2 − x7(z) +
√
4x7(z) − 3x7(z)2
1 + x7(z)2  = 7. (3.12)
We note that the recurrences for  = 3, 7 were derived in [3] to give two new quadratically
converging algorithms for computing π where x(z) = (Bd(z)/Ad(z))k1/3, where  =
4d − 1.
3.3. Modular towers
We now relate the quadratic relations in Theorem 3.5 to a class of explicit modular
towers of function fields discovered by Elkies. Theorem 3.5 is motivated by his lists in
[7, 8] and indeed we use his notation. Theorem 3.5 gives a uniform proof, motivated by
modular lattices of ten modular towers in [7] and three modular towers in [8]. These
13 cases correspond to the (“Galois”) case where each of the eta terms in ∆ occurs
to the same power. Modular towers are of interest because they give optimal towers
of function fields meeting the Drinfeld–Vla˘dut bound (see [6, 14]) and hence give rise
to explicit sequences of codes which improve on the Gilbert–Varshamov bound [15].
Relations between some explicit modular towers of function fields and iterated means were
pointed out in [14].
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In the case of odd , the modular function A(z) = ∆(z)/∆(2z) is a Hauptmodul for
Γ0(2) ∩ Γ0()+. If we let Xi (z) = A(2i z), we get the explicit recursion P(Xi , Xi+1) = 0,
where
P(X, Y ) = Y 2 − X2Y − 2k1 XY − 2D/2, (3.13)
corresponding to the modular towers Γ0(2m+1) ∩ Γ0()+, (see [7]). Note that we have
given a modular-lattice interpretation to the coefficients. This gives an interesting link
between modular lattices and modular towers of function fields.
Finally, we consider the remaining “Galois” case in [7]. Let  = 1, 3, 7; the three
groups denoted as [9] = ([9], [27], [63]) in [7] are conjugates in PSL2(Q) with
the intersection of Γ0()+ with the j1/3 group. The corresponding modular forms are
∆(3z)1/3 = ∆2(3z) and they are cusp forms of weight D/6 for Γ0(9) with a non-
trivial character χ−7 only for the case  = 7 (the weight is odd in this case). It is easy to
check that they also lie in a vector space of dimension one by [5]. However we can derive
directly:
Lemma 3.8. Let  = 1, 3, 7, k1 = 24/σ1(2), and A(z) = ∆2(z)/∆2(2z), and let
B(z) = A(2z) as before, then,
B2 = A2 B + 2k1 A. (3.14)
Proof. This follows immediately from (3.7) of Lemma 3.4. 
Corollary 3.9. For  = 1, 3, 7 and A(z) = ∆2(z)/∆2(2z), we have the recurrence
A(2z) = A(z)
2 +
√
A(z)4 + 8k1 A(z)
2
. (3.15)
Note that (3.14) is exactly the same relation as given in [7] for the three groups mentioned
above. Thus we have interpreted exactly all the 13 “Galois” cases with equal eta powers in
Elkies’ list in [7, 8] in terms of modular lattices.
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